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Abstract
The phase transformation in austenitic TRIP-steels contributes to favourable mechanical properties and may aﬀect their fracture
behavior. Therefore, the inﬂuence of the phase transformation on the crack driving force is investigated. The concept of material
forces is applied to a casted CrMnNi TRIP-steel by incorporating inelastic material and transformation behavior via the material
model. The resultant material force expression for the near tip crack driving force is presented and evaluated by summing up
nodal material forces. The advantage of this method is the separated calculation of material forces due to dissipation by plastic
deformation and phase transformation as well as the material force acting directly at the crack tip. The TRIP-eﬀect implies a
considerable contribution to the material forces, i.e. the driving force for crack propagation is reduced, which indicates a shielding
eﬀect.
c© 2014 The Authors. Published by Elsevier Ltd.
Selection and peer-review under responsibility of the Norwegian University of Science and Technology (NTNU), Department of
Structural Engineering.
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1. Introduction
TRIP-steels show a mechanically induced phase transformation from austenite (γ) to martensite (α′), which aﬀects
the mechanical properties of these materials, e.g. increased strength and elongation in tension tests. If a crack in such
a material is considered, the martensite formation may lead to higher stresses in front of the tip and requires additional
work, which is not available for crack advance any more. Thus, the question arises how the martensitic transformation
inﬂuences the fracture behaviour of TRIP-steels or rather the crack driving force.
The objective of the present work is to ﬁnd an appropriate expression of the crack driving force in consideration of
phase transformation.
In order to formulate a crack driving force, the framework of material forces is used. Thereby, thermodynamical
forces acting on defects are investigated. These defects may be discontinuities (e.g. voids, cracks) or inhomogeneities
(e.g. plastic zone, transformation zone). The J-integral is an example for a material force acting on a crack in an
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elastic solid. In a cracked solid made of TRIP steel, diﬀerent defects can be found, namely the crack, the plastic zone
and the zone of phase transformation. Material forces acting on each of these defects have to be evaluated separately.
The relationship to an extended J-integral deﬁnition is established.
Furthermore, the resulting path-independent J-integral is applied to the example of a cohesive fracture model.
2. Material model
In this section, the essential equations of the material model are presented in order to understand the derivation of
the material forces. The present material model was developed by Pru¨ger et al. (2011b,a, 2014) and incorporates strain
induced phase transformation. For simplicity isothermal and quasistatic conditions, small strains and the absence of
body forces are assumed. Furthermore, the TRIP steel is assumed to be fully austenitic before deformation.
The linear strain tensor εi j is split additively in the elastic strains εei j and inelastic strains ε
in
i j which can be decom-
posed again into strains due to the TRIP eﬀect εTRIPi j and due to plastic deformation ε
vp
i j , respectively. This yields
εi j = ε
e
i j + ε
in
i j = ε
e
i j + ε
TRIP
i j + ε
vp
i j . (1)
In order to formulate the free energy, the strain tensor is treated as state variable. The inelastic strain tensor as well
as the volume fraction of martensite fm are identiﬁed to be internal variables, see Pru¨ger et al. (2014). Under the
assumptions mentioned above the free energy per unit volume ψ
(
εi j − εini j , fm
)
of the TRIP-steel can be written as
ψ
(
εi j − εini j , fm
)
= ψe
(
εi j − εini j
)
+ ψchem
(
fm
)
ψe =
1
2
εei jCi jklε
e
kl =
1
2
(
εi j − εini j
)
Ci jkl
(
εkl − εinkl
)
ψchem = f aga + fmgm =
(
1 − fm) ga + fmgm = (gm − ga) fm + ga = −Δgγ→α′ fm + ga.
(2)
It is additively decomposed in a term describing the elastic energy ψe as function of the elastic strains εei j and a
term describing the chemical energy ψchem depending on the volume fraction of martensite fm. The chemical energy
takes into account the required work due to the microstructural change through the phase transformation.
In Eq. (2) the elastic energy is given by the well known form with the components of the elasticity tensor Ci jkl. The
chemical energy is found to be the chemical Gibbs energies of austenite ga and martensite gm weighted by the volume
fraction of both phases. This can be rearranged as shown in Eq. (2) and the chemical driving force for martensite
formation Δgγ→α′ = ga − gm known from the material model can be plugged in. Thereby, the chemical driving force
for martensite formation is deﬁned as the diﬀerence between the chemical energies of austenite and martensite.
The complete set of evolution equations can be found in Pru¨ger et al. (2011b) and details of the implementation
are given in Pru¨ger et al. (2011a). Regarding the derivation of material forces for TRIP-steels, only the energy density
function is needed.
3. Calculation of material forces
The derivation of the material force expression is given by Nguyen et al. (2005) for viscoelastic and elastic-plastic
material models and is adopted for the present case of a TRIP-steel. The components of a general material force vector
Fk acting on defects in a domain surrounded by a contour Γ is calculated by
Fk =
∫
Γ
Qk jn jdS (3)
with the components of the normal vector n j and Eshelby’s energy-momentum tensor in the case of small strains
Qk j = ψδk j − ui,kσi j. (4)
Thereby, δk j is the Kronecker symbol, ui are displacements and σi j are stresses.
463 Andreas Burgold et al. /  Procedia Materials Science  3 ( 2014 )  461 – 466 
Γ0
Γ+
Γ− Γδ
Ωr
crack
body
n
δ
(a)
crack
δ
X1
X2
Γδ
Γ+
Γ−
Γ
Ω
(b)
Figure 1. Domains of integration: (a) whole cracked body with the boundary Γ0 and the normal vector n, (b) arbitrary contour Γ arround the crack
tip, the contour Γδ has to be shrunken to the crack tip in both cases with δ→ 0 (Γ+, Γ− crack faces, Ωr , Ω grey coloured domain)
Firstly, a local balance of energy-momentum can be achieved by applying the divergence on Eq. (4) and some
rearrangement due to stress equilibrium in absence of body forces
Qkl,l = −σi jεini j,k − Δgγ→α
′
fm,k . (5)
The terms containing gradients of the internal variables εini j and f
m arise from the gradient of the free energy Eq. (2)
and balance the divergence of the energy-momentum tensor. They can be interpreted as material body forces created
by material inhomogeneities.
Secondly, the global balance of energy-momentum in the cracked body is obtained
lim
δ→0
∫
Γδ
QklnldS =
∫
Γ0
QklnldS
︸︷︷︸
Jk
− lim
δ→0
∫
Ωr
−
(
σi jε
in
i j,k + Δg
γ→α′ fm,k
)
dA
︸︷︷︸
F ink
= Fmatk =: J˜k. (6)
Thereby, Γ0 is the outer boundary of the body, Γδ is a contour surrounding the crack tip and Ωr is the domain between
this contours, see Fig. 1(a). The integral on the left hand side is a J-integral evaluated over a vanishingly small
contour around the crack tip and therewith, it is the desired material force Fmatk acting directly at the crack tip. It
consists of a classical J-integral vector Jk minus a domain integral F ink that accounts for material inhomogeneities due
to inelastic processes in the domain. In order to distinguish between the TRIP-eﬀect and plastic deformation, a further
decomposition of the material forces due to inelasticity is possible
F ink = lim
δ→0
∫
Ωr
−
(
σi jε
TRIP
i j,k + Δg
γ→α′ fm,k
)
dA
︸︷︷︸
FTRIPk
+ lim
δ→0
∫
Ωr
−
(
σi jε
vp
i j,k
)
dA
︸︷︷︸
Fvpk
. (7)
Although, the domain of integration in Eq. (6) and (7) comprises the whole body, there is no problem in taking
an arbitrary contour Γ surrounding a domain Ω at the crack tip as depicted in Fig. 1(b). The material force Fmatk is
the near crack tip driving force and represents a path-independent J-integral formulation J˜k in consideration of phase
transformation and plastic deformation. The domain terms FTRIPk and F
vp
k characterize the reduction of the crack
driving force due to the speciﬁc inelastic process.
In the present work, the material force is evaluated from ﬁnite element computations. This is done in a post
processing step after the boundary value problem has been solved and all quantities in Eq. (6) are known. Therefore,
an equivalent domain integral is formulated, which is a standard procedure for calculating the J-integral. Thereby, any
smooth test function q(Xi) can be chosen that takes the values
q =
⎧⎪⎪⎨⎪⎪⎩
0 on Γ
1 on Γδ
. (8)
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Figure 2. (a) Small scale yielding model with cohesive contact, prescribed displacement components u j, plastic zone and transformation zone in the
considered case of strain induced phase transformation, (b) cohesive model: bi-linear traction-separation law (t nominal normal stress, δ separation,
Φ0 work of separation)
After the ﬁnite element approximation of the test function, it is possible to deﬁne nodal material forces for every
node of the ﬁnite element mesh as shown in Nguyen et al. (2005) or Mueller et al. (2002). If the nodal material forces
are known, the global material force or rather the modiﬁed J-integral is computed by summing up the nodal values in
the domain of integration weighted by the nodal values of the test function q. Due to the properties of the test function
Eq. (8), nodal material forces of nodes on the contour Γ are excluded from the summation.
4. Simulation of crack growth behaviour
4.1. Model description
In order to exclude eﬀects of a speciﬁc specimen geometry, a semi-inﬁnite crack under mode I and plane strain
small scale yielding conditions is considered. Therefore, a boundary layer approach is examined and displacement
boundary conditions u j(Xi,KI) known from the elastic far ﬁeld are deﬁned at its boundary as depicted in Fig. 2(a).
Thereby, the elastic displacement ﬁeld is governed by the mode I stress intensity factor KI . The far ﬁeld J-integral is
computed by
J1 =
(1 − ν2) · K2I
E
(9)
from the stress intensity factor with Young’s modulus E and Poisson’s ratio ν. In order to ensure small scale yielding,
the size of the evolving plastic zone has to be smaller than 1/20 of the radius of the boundary layer model.
Crack initiation and propagation is incorporated by a cohesive model. Starting at the tip, cohesive contact between
the half model and a rigid (symmetry) plane is deﬁned along the whole ligament. The cohesive behaviour is given
by the bi-linear traction-separation law depicted in Fig. 2(b) that relates tractions t with displacements δ (called
separation) of the involved surfaces. There are just three parameters to deﬁne, namely the maximum nominal stress
t0, the critical separation δ0 and the separation δ1 at which t0 appears or rather the proportion δ1/δ0. Furthermore, the
cohesive model implies a damage variable D, which is integrated to specify eﬀective crack advance Δa
D = 1 − t/δ
t0/δ1
, Δa =
∫
D dX1. (10)
Thereby, a cartesian coordinate system at the initial crack tip is used with the X1-axis on the ligament.
The area under the traction-separation law characterises the work of separation Φ0 of the cohesive model. If the
cohesive model were embedded in an elastic body, the work of separation Φ0 would be the value of the J-integral at
crack initiation. In the present case, Φ0 must be compared with the near crack tip J-integral or rather the material force
Eq. (6) in order to formulate a criterion for crack initiation. Thus, the correctness of the material force formulation
can be checked. Furthermore, the work of separation allows for the introduction of a reference length
R0 =
1
3π
E Φ0
(1 − ν2) σ20
, (11)
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Figure 3. (a) Material force acting at the crack tip (mat) and material forces due to phase transformation (TRIP) and plasticity (vp) as functions of
the far ﬁeld J-integral J1 (Φ0 work of separation, t0/σ0 = 6.11, δ1/δ0 = 0.2), (b) normalised R-curves for varied parameters δ1/δ0 while keeping
t0/σ0 = 6.11 (Δa/R0 dimensionless crack growth)
which scales with the plastic zone size considering the initial yield stress σ0, see Tvergaard and Hutchinson (1992).
In the next section, R-curves are presented, which are self similar with respect to the work of separation Φ0
under small scale yielding conditions. Thus, material forces and the J-integral are normalised with Φ0 and crack
advance Δa is normalised with R0. The used parameters of the material model are given by Pru¨ger et al. (2011a), e.g.
E = 192000 MPa, ν = 0.24, σ0 = 180 MPa.
4.2. Results
In order to resolve the gradients in Eq. (7) in a proper way and ensure their correct numerical computation, a
highly reﬁned mesh is needed. Thus, a uniform element size on the ligament of 0.04δ0 is used in the region where
crack growth is simulated. The 1-components of the material force vectors are of interest because the crack advances
in X1-direction. Firstly, the following cohesive parameters are considered: δ1/δ0 = 0.2, t0/σ0 = 6.11. The latter is
chosen to be that high in order to get certain amount of martensitic phase transformation.
The contributions to the material forces as functions of the far ﬁeld J-integral are depicted in Fig. 3(a), namely the
crack driving force Fmat1 and the material forces due to martensite formation F
TRIP
1 and plastic deformation F
vp
1 . The
sum of these contributions
∑
F1 gives good agreement with the far ﬁeld J-integral. On the other hand, Fmat1 reaches
the supposed plateau of the work of separation Φ0 at J1 ≈ 1.8Φ0.
There is a substantial contribution of the TRIP-eﬀect to the material forces in Fig. 3(a). According to Eq. (6) and
(7), this amount is substracted from the provided remote J-integral and reduces the crack tip driving force. Thus, a
shielding eﬀect of the phase transformation is indicated. The question arises, whether the contribution of the TRIP-
eﬀect is always as small as in Fig. 3(a)? Of course, this amount depends on the choice of the parameters of the
material model as well as the cohesive parameters. The former are kept constant here, but the inﬂuence of the latter is
studied in the following.
Fig. 3(b) shows normalised crack growth resistance curves for diﬀerent proportions δ1/δ0. The simulated crack
growth is small compared with R0 scaling with the size of the plastic zone because the present TRIP-steel is very
ductile. There is a small eﬀect of δ1/δ0 on the R-curves in the considered regime ofΔa, but no eﬀect on the contribution
of the TRIP-eﬀect to the material forces is found.
The inﬂuence of the cohesive strength t0 on the crack growth resistance curves is studied in Fig. 4(a) at equal work
of separation Φ0. Higher values of t0 lead to higher J1-values needed to have similar crack advance, which indicates
toughening. Reasons for this are increased martensite formation and plastic deformation due to the substantial rise
of the stresses with increasing t0. In fact, Fig. 4(b) shows higher contributions of the material force due to phase
transformation in the cases of higher t0.
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Figure 4. (a) Normalised R-curves and (b) material force due to martensite formation FTRIP1 as function of normalised crack growth for varied
parameters t0/σ0 while keeping δ1/δ0 = 0.2 (J1 far ﬁeld J-integral, Φ0 work of separation)
5. Conclusions
A crack driving force Eq. (6) is presented for the case of a TRIP-steel that shows phase transformation. Thus,
based on the material force concept a modiﬁed J-integral formulation J˜k was derived, which is path-independent also
in case of phase transformation. The contribution of martensite formation is evaluated for the example of a cohesive
fracture model and indicates a shielding eﬀect for the given parameters of the material model. The crack growth
resistance curves as well as the amount of the material force due to the TRIP-eﬀect is highly inﬂuenced by the choice
of the cohesive strength with respect to the initial yield stress.
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